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Abstract. In this work, we study on compact Ricmannian manifolds with 
boundary, the problems of existence and multiplicity of solutions to a Neumann 
problem involving the p— Laplacian operator and critical Sobolev exponents. 



1. Introduction 

Let (M,g) be an n(n > 3)— dimensional Ricmannian manifolds with interior M 
and boundary dM which is an (n — 1)— dimensional Ricmannian manifold with 
induced metric g. 

In this paper, we are interested in the problem of finding solutions on M of the 
nonlinear Neumann boundary value problem 

( . ( A p u + a(x)\u\ p - 2 u = f(x)\u\P"- 2 u in M; 

^ ' ' \ \\7 g u\ p ' 2 d Vg u + k(x)\u\P- 2 u = K(x)\u\p"- 2 u ondM. 

where d v is the outer unit normal derivative, p G (1, n), A p = — div(\ V g u\ p ~ 2 V g ii) 
is the p— Laplacian operator, p* = -22- and p** = ^— —. 

1 * r 1 c n—p 1 n—p 

The case p = 2 corresponds to the famous problem of prescribing scalar and mean 
curvatures which has been studied by several authors, we cite for instance [2TJ 22], 

m, ®m us- 

For equation without boundary condition, existence and multiplicity results 
on compact and complete manifolds are obtained by some authors [B], [5J 9,10] and 

em. 

Problems of type of (jl.ll) are studied recently by a number of authors. For example, 
in [17], the authors proved an existence results on solid torus in R 3 under the con- 
ditions that either the function / is positive and K is arbitrary or / is nonnegative 
and K is positive jointly with some condition on the function a. Successively, in 
[18] they obtained similar result on general Riemannian manifolds under the same 
conditions. 

Independently, in [23], the authors dealt with problem (|1.1[) in the case where the 
function / changes sing and the function K is non positive. They obtained an 
existence result for the critical case and multiplicity result for the subcritical case. 
They used a fibering method introduced by I'oliozacv '!"> . 

In the present work, we are interested in the case where both functions / and K 
change sign on M . Needless to say, this situation is more complicated and shows 
serious difficulties especially when we want to define a suitable constraint set. 
In our study, we will adapt to our case some variational techniques introduced in 
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[26] where the author dealt with a prescribed scalar curvature equation on compact 
manifolds without boundary. These techniques rely on considering minimization 
problem on suitable sets from which one can construct a sequence of curves satisfy- 
ing a certain geometry that allows to get multiplicity of solutions in the subcritical 
case. By imposing additional conditions, we improve our results by proving multi- 
plicity of solutions for problem (jl.lj) which includes the geometric case. 
Note that these techniques have been adapted for equation (jl.lj) without boundary 
condition in |10j and for a Q—curvature equation in [TJ. 

Acknowledgments. I would like to express deep gratitude to Prof. Boumedien 
Abdellaoui for his valuable discussion and step by step revision of this manuscript. 

2. Notations 

In the whole of the paper we denote by, 

(1) a and k two negative constants, 

(2) / and K two changing functions respectively on M and DM, 

(3) q and r two constants such that p<q<p*,p<r< p** and r < q, 

(4) ||u|| Pi m, IMIp,3M the L p norms respectively on M and dM, 

(5) Hf(M) the Sobolev space of the functions in L p with gradient in L p , 

(6) Ki, K2 the best constants defined in the Sobolev and trace Sobolev inequal- 
ities which are the best constants such that there exist positive constants 
A and B such that 

||<m < ^i||V fl u|[^ + AH^,p<g<p* 
\\u\\% M < K 2 \\V g u\\l M + B\\u\\l 9M ,p<r<p** 

(7) h~ = min(/i, 0), h + = max(/i, 0), respectively the negative and positive part 
of a function h. 

By a solution of problem (jl.lj) . we mean a function u G Hf(M) such that for every 
v £ C°°(M) we have 

hi |V g u| p ~ 2 5(V g u, V g v)dv g + J M a\u\P~ 2 uvdv g + J dM k\u\P- 2 uvda g 

= Sm f\uf- 2 uvdv g + J dM K\uf"- 2 uvdcTg. 

By regularity results [23], we get that u € C 1:/3 (M), for some j3 6 (0, 1). 

3. Statement of the results 

Our purpose is to prove existence and multiplicity of solutions to problem (jl.lj) , 
it is to seek critical points u € H P (M) of the energy functional 

E i U ) = Sm \^9 U \ Pdv 9 + a I M \ U \ Pdv 9 + k J 9M \ U \ Pd(J 9 

-^fMf\ufdVg-^f dM K\urda g . 



Define the quantity 



Xf K = inf • 



\V g u\\ P p ,M 



where 



n\u\g M +\k\\\u\^ dM 

A = {u G H p (M),u> : f \r\udvg + f \K~\udog = 0} 

JM JdM 
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In this paper, we prove the following theorems 

Theorem 3.1. Let (M,g) be a compact Riemannian manifold with smooth bound- 
ary dM . 

There exist two positive constants N and H such that if the functions f and K 
satisfies the following conditions 

(1) A /)K > I, 

(3) ]™\K-\l s <H,sup d K>0 
then problem (jl.lj) admits a solution. 

The following theorem concerns the multiplicity of the problem 

A p u + a(x)\u\ p ~ 2 u = f{x)\u\ q ~ 2 u in M; 

g u\ p - 2 d^u + k(x)\u\P- 2 u = K(x)\u\ r - 2 u on dM. 



^ ' \ \V g u\P- 2 d v<3 u + k(x)\u\P- 2 u = K(x)\u\ r - 2 u 

where p < q < p* and p < r < p 



Theorem 3.2. Let (M,g) be a compact Riemannian manifold with smooth bound- 
ary dM . 

There exist two positive constants N and H such that if the functions f and K 
satisfy the following conditions 

(1) Hk > 1, 

^ 7Sfrk< N ^Mf>o, 

(3) U^\l g < H ^Pa M K>0, 
then problem (|3.1[) admits at least two distinct solutions. 

Under further conditions we prove the multiplicity of problem Let u be 

the solution given by theorem 13. II and N, H be the constants given in theorem [321 
Denote / the functional 

I(u)= I \V g u\Pdvg+a j \u\ p dv g + k \u\ p do- g . 
JM JM JdM 

We prove the following theorem 

Theorem 3.3. Let (M,g) be a compact Riemannian manifold with smooth bound- 
ary dM. 

Suppose that the functions f and K satisfies the following conditions 

(1) A /lK > 1, 

(2) 7 ^E^-<7V,sup M />0 ) 

(3) j S M U \K-\l g <g,sup aM Jf>0, 

(4) P^(snp M f)-^(sup aM K)T^KrK^ 1 < 1 

and that there exists a positive function $ £ H p (M)such that /(<&) > 0, J M /<J> P dv g > 
0, J dM K$p" da g > and 



< sup E(\<f>) < E{u) + - 
\e[o,i] n 



l- 

sup/ 

M 



then, problem admits at least two distinct solutions. 
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4. Necessary condition 
Recall that we have defined A/,k as 

HV g u||£ iM 

X ftK = mf ■ 



l«HkllU + l fc IH u llp,aM 
where 

A = {u G H p (M),u> : / |/"|itdu fl + / |iT-|udcr s = 0} 

■/ M JdM 

Let us prove the following lemma 

Lemma 4.1. // the vroblem \l.l\ admits a solution, then \j,k > 1 

Proof. First, we show that \f,K is attained. By homogeneity, we may take {ui} C 
Hf(M),Ui > a minimizing sequence for \f,K such that ||w;||p iM + ll^illpOAf = 1' 
then Ui is bounded in H P (M). By the Rellich-Kondrakov and Banach theorems, 
there exist a subsequence Ui and a function u such that Ui converges weakly in 
H P (M), strongly in L S (M) and L t (dM),s < p*,t < p** , almost everywhere in M 
and in the sens of trace on dM. Then we get M + \\u\\ p dM = 1 and u G A. 
Moreover, the weak convergence gives that 

||V 9U ||^ M <liniinf||V sUi ||^ M , 

thus 

^ MII<M + |fc|ll<a A / 

which means that \f,K is attained by the function u and by regularity theorems u 
is C X ' Q (M) for certain a G (0, 1). 

Now, we state the following generalized Picone's inequality pQ: for two differentiable 
functions u > and u > 0, we have 

/ n,P 

(4.1) |V gW | p > |V gU | p - 2 ff [V g v,V t ' 



Take u a minimizer \j,k and let w be a positive solution of the problem (|l.lj) . then 
we have 

Jm l v ^l P ~ 2 5 (V„t>, V 5 ^) = |a| |M| p ,m + |*|||«||p,8W 
+ J M f+uPdv g +J dM K+uPdva g 



so, by (|4.ip we get 



A = ||V g "|| P ,M > j 

|o|[[«||p,M + |fe|||w]]p,9M ~~ 



□ 



5. SUBCRITICAL PROBLEM: MULTIPLICITY RESULT 



In this section, we prove a multiplicity result for problem l3.11 we look for solutions 
as critical points of the following functional 



E q ,r(u) = / \Vgu\ p dv g + a / \u\ p dv g + k / \u\ p da g 

' M JM JdM 



- V -l f\u\Uv g - V -l K\u\ r ,q€]p,p*],r€}p,p**]. 
Q Jm r JdM 
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which is bounded on the set 

S U , r = {ue HUM) : ||«||« M + \\u\\^ 9M = £}. 

set 

fJ-i,q,r = inf E(u) qt r 

St,q t r 

We prove the following lemmas 

Lemma 5.1. /i£. q . r is attained for q < p* and r < p** . 

Proof. Let £ > and {wi}i>i C 5f,m.ij.r be a minimizing sequence; that is \\ui\\ q q M + 
\\ u i\\r dM = ^ an d nm i^oo Eq.r( u i) — Hi,m.q.r- For i large enough we can assume 
E qt r{ui) < l^i.q.r + L which gives that 

l|V fl ^||£ >M < m tqtT + \a\Vol{Mf-^fi + \k\Vol{dMf-^0 
+ ( su Pm / + su PdA/ K)l+l. 

Thus, the sequence {tii}i>i is bounded in iff (M). Since the inclusions of iJf (M) 
in Lp(M),L p (dM),Lg(M) and L r (dM) are compact for q < p* and r < p**, then 
there exist a subsequence and a function u G Hf(M) such that it^ converges to u 
weakly in H\ (M) and strongly in each of the spaces L p (M), L p (dM),L q (M), L r (dM) 
It converges also to u almost everywhere in M and in sense of trace on dM . Thus, 
u G Se.m^q^r and E q ^ r (u) > /ie, m ,q,r- Moreover, the strong and weak convergence 
imply that 

||V g M||M,p < lim inf || V g Ui || M,p 

hence 

Eq,r(u) < Hm Eq tT (Ui) = Ht.q.r 
i— ►oo 

which means that ^i >m ,q,r is attained. □ 

Lemma 5.2. /i£ i?i r is continuous as a function in the variable £. 

Proof. Let £ G ]0, oo[ and {£ n }nen C ]0, oo[ be a sequence such that lim n ^oo £ n 
I < oo. By lemma l5Tj for every neN there exist u n G >5£„,g,r such that E q ^ r (u n ) — 
f-t n ,q,r an d there exists a function u G <Se,q,r such that E q ^ r (u) = fJ.e, q , r - The 
sequence u n is bounded in the spaces L q (M) 1 L r (dM), L p (M), L p (dM) and satisfies 

\\V g Un\\ P p ,M < Mn,i,r + \a\voliM) 1 -* l\ + \k\vol(dMy-^£i 

+ ( SU Pm / + SU PaA/ K ) 

On the other hand, there exits t n > 0, lim t n — 1 such that t n u G 9 ,r- Then 




which gives that the sequence {w n }n>o is bounded in Hf(M). Up to a subse- 
quence u n converges to a function u strongly in the spaces L q (M), L r (dM), L p (M), 
L p (dM) and weakly in Hf(M). Thus u G 5^, 9 ,r which implies that E q:r (u) > 

Eq,r(u). 

Hence, 

lim inf E q , r (u n ) — E q _ r (u) > 0. 
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On the other hand, we have 

Eg ir {u„) < t p n (||V fl u||£ )M + a||u||£ )M + fc||ti 

-til i fW q dv g -t n l I K\u\ r da g , 

1 JM r JdM 

thus 

lim sup E q r (u n ) — E(u) qr < 0. 

n— t-oo 

Therefore, He,m,q,r is continuous. □ 
Lemma 5.3. is negative for I small. 

Proof. For I > 0, let mi > be the solution of the equation vol(M)m q +vol(dM)m 1 i = 
I. Take the constant function u — mi, then u <E Si tq>r and 



W, 9 ,r < E Qtr {u) = m P t 



-\a\vol{M) - \k\vol(dM) - ?-m\T p [ fdv g 

1 JM 



P r — p 



Kd/Jr, 



dM 



If I is small, then so is mi and we conclude the lemma. 
Lemma 5.4. [ii^ r is negative for I big. 



□ 



Proof. Let u and v be respectively smooth functions defined on M and dM with 
supports included respectively in the sets where f(x) > and K{x) > and such 
that ||u||* M = 1 and ||u||£ aM = 1. For x 6 M, set h(x) — \{£*u{x) +£ry(x)), 
then h € Si^ r and we get 



< E(h) = U [(||V fl u|£ M + a\\u\\l tM ) d- 1 + k\\u\\l dM l^ 

f\u\ q dv g --^- f K\v\ r da, 



2q-p 



M 



2^ — p 



dM 



since J M f\u\ q dv g > and J gM K\v\ r da g > 0, then for £ large enough m,g,r < 0. □ 
Now, let us define the quantity 



^f,K,ri,q,r — inf 



l V 9 M llp,M 



K(.v,ir) \ a \\\ u \\ P ,M + 



\ P ,dM 



where 



K(V,q,r) = {u e flf(M) : ||u||* M + ||«||^ aM = 1 and 



\f-\\u\ q dv g 



M 



dM 



\K-\\u\ r da g <r! 



\f-\dv g 



M 



dM 



\K~\da, 



Lemma 5.5. For (q,r) E]p,p*[x]p,p**[, \f,K,r},q,r converges to X/.k when r) goes 
to zero. 

Proof. First let us prove that \f,K,r\,q,r is attained. Let Ui t11 e K.(r),q,r) be a 
minimizing sequence for \f,K,ri,q,r, then for i large enough we can have 

hp 



\ V 9 U i,v\\ P pM < X f,K, n ,q,r(\a\\\u ltn \\ P pM + 



;V\\p,dM 
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Hence, the sequence Ui >ri G fC(f], q, r) is bounded in (M) and up to a subsequence 
Ui^ v converges to a function u n weakly in H\ (M) and strongly in each of the spaces 
Lp(M),L p (dM),L q (M),L r (dM). Thus, u n G JC(r),q,r). Moreover, 

\\^ g Uri\\M,p < lim inf ||V s W i)r) ||M,p- 

i— too 

Hence 

\\VgU v \\M, V 



MKII£,m + WKII^m Xf ' K ' v ' q ' r ' 

Now, consider u v a sequence of 77. First we observe that if u G A then there exists 
(3 > such that /3u G K.(rj,q,r). By homogeneity, we get then that the sequence 
^f,K,ij,q,r is bounded by \f k- Thus, the sequence u v is bounded in H^(M) and 
there exists a subsequence that converges, when 77 goes to zero, to a function u 
weakly in i?f(M) and strongly in L P (M), L p (dM), L q (M) and L r (dM). Hence, 
u G A. 

On the other hand 

ll V 3 M llp,M < lini n inf ll V S^llp,M- 



Thus 



< p if p < 1™ m I *f,K,ri 



a u 



\p,M + \ k \W U W P p ,dM 



□ 



Now, coming back to the function £ G (0, 00) — > /ie,q,r to prove the following 
lemma 

Lemma 5.6. Suppose that Xf^K > 1> then there exist two positive constants N q 
and H r such that if s " Pm I — < N and su Pom k — ^ jj tJi en there exists an 
interval [£±,£2] such that ^i >q>r is positive for every £ G [^1,^2]- 



Proof. First, if Xf.K > 1, it follows from lemma 15.51 that for 77 small enough 

Xf,K,r,,q,r ~ 1 = jfj > 0. 

Let u G H{(M) be such that \\u\\ q q M + \\u\\^ dM = I with 



(5 ,, t >, =mK MT,! M ) -( 2 TT,1 M 

Vj M \f \ dv 9 J V Vj dM \ K \ d<7 9 



take 77 > small enough so that £ > 1. 
Denote by G gjT . the functional 



G,, r («) - ||V ffU ||P M + a\\u\\ p pM + k\\uf pdM 
+U M \f-\\«\ q dv B + *f gM \K-\\urd<T g . 



We distinguish to cases: 
either 



P 



-, \f-\\u\«dv g + ^ [ \K-\\u\ r do- g >r,t([ \f-\dv g + f \K-\da g ) 
Q- Jm r JdM Jm JdM 
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and so 

G q , r (u) > vol{Mf-^afi +vol{dM) 1 -rkft + / \f-\dv g + r]l \K~\da g ) 



A I 



dM 



> voliMf-* \a\fi 



vJ M \f \ dv n £ i-$ _ 1 
vol(M) 1 -* \a\ 



+ vol{dM) 1 ~r\k\ft 



ivolidM) 1 -^^ 
> vol(M) 1 -* \a\l« +vol(dM) 1 -^\k\e^. 



Or 



P 
1 Jm 



r\\u\ q dv g + 



dM 



K-\\u\ r da g <e V ( \f-\dv g + \K~\da g ). 



M 



dM 



can 



In this case , let S > be a solution of the equation m + ^IMIt-m = 1j ^ 

be easily seen that l~~ < S < £~ <> . This implies that 5u G fC(r], q, r). In particular, 

||V fl «||^ > A^w [|a|||< M + |fc|||< aM , 

so 

G q , r {u) > (^f\K^^r - 1) [\a\\\u\\^ M + \k\\\u\\ P pgM 

write min(|a|, \k\)(\f^K,r),q,r — 1) = a r/ + such that ar; (l a j + l fc l) = -A±JL-^ where 
A, B, Ki,K% are the constants appearing in the Sobolev and trace Sobolev inequal- 
ities. Then 

G q , r {u) > a v (\\u\\l M + \\u\\^ dM ) + [-G q , r (u) + \\V g u\\l M 

+ E q S M \r\\uVdv g + lj dM \K-\\uYda g 



that is 



A, 



1 + UTW\ ) G - (U) ^ ™ [\W g <,M + ^™(II«II^,M + IMI^M) 

Then, by the Sobolev and trace sobolev inequalities we get 



1 + 



Thus 



\a\ + \k\ 



G q , r {u) > 



\a\ + \k\ 



l|V fl u 



A + B 



> 



G(u) > 



\a\ + \k\)(K!+K 2 ) 



(K 1 +K 2 )(\a\ + \k\+/3 n ) 
On the other hand, we have 



g»\\ P , M ^ Kl+K2 

(fi +ir). 



\ U fp,M + IMIp,3m) 



E q>r (u) = G qtr (u) 



f + \u\ q dv g 



M 



K+\u\ r da 



dM 



> Gq : r(u) — (sup / + SUp K)i 

M ' dM 

> tfi + sl r - (sup / + sup K)£, 

M dM 
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where 



and 



t = min 



A, 



[Kt + K^a] 



■Pr,) 



, |a|woZ(Af) 1_ f 



-, \k\vol{dMf- 



{K 1 + K 2 )(\a\ + \k\+p v ) 

Now, the function g : I — > i£~i + M% — (sup M / + sup aM K )£ attains a positive 
maximum in the interval ]0,£ o [ where g(£ ) = 0. Therefore, the hypotheses on the 
functions / and K assure that g(z) > 0, where z is defined by (|5.1|) . In fact, 



g{z) > z 

so if we require that 
and 



ft?/ A /l/ \ dv 9 . , s vIqm\ K \ dv 9 ts 
— sup / H — p — sup K 



-I D UUk/ iD UL1U 

Avol(M) t \a\ m 4vol(dM) 1 --\k\ qm 



f M \f-\dv g 



SUPom K 



< H r 



8vol(My~«\a\ 

ST] 



J dM \K-\dv g SvolidM^m 
we get g(z) > and then z < £ Q . Thus if £ G [z, £ ], then 

E qA U ) > + S ^) > ' 

and so > for all I G [^1,^2] = [ z ;^o]- 



□ 



Now, by mean of the mountain pass theorem, we show that the existence of the 
interval \l\ , £2] leads to the existence of a second critical point of the functional 
Eq^ r . First, we prove the following lemma 

Lemma 5.7. The Plais-Smale condition is satisfied for the functional E q . r , q < p* 
and r < p** . 

Proof. First, we claim that each Plais-Smale sequence for the functional E q . r is 
bounded in Hf(M). In fact, let u n G Hf(M) be a sequence such that 
E qr (u n ) —> 7 and E' (u n ) — > 0, then we have 



E q ,r(u n ) - -E q>r (u n )u n = (l - |) l|V 9 u n ||£ )M + a||w„||^ M + fc||u„||£ 



M 



\u„\ r da n 



and 



Eq, r {Un) E' (u n )u n = ( 1 - -) [ f\u n \ q dv g 

P \ Qj Jm 



l- P - 



K\u n \ r da a 



DM 



so, for every e > 0, there exists n a such that for all n > n , we have 



P 



U Jm 



f\u n \ q dv g + 1 



if|w„.rdcr n 



<5iU 



< e + o{\\u n \\ H P {M) ) 



and 



1 - 2 

9 



||V 9 u„||^ M + a||M„||^ M + fc||u„||P M J - (i - J dM K\u n \ r do- g -7 
< £ + o(||w„|| h p (m) ) 
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Let £ > be such that jtif,g, r > and put v n = /3 n u n , where fi n > is such that 

:M 



Pn II u II \ m + Pn II u II r.M = ^- We observe that w„ is bounded in L q (M) and L r (dM). 



Now, we have 



(5.2) 
and 

(5.3) 



< e + o||w„|| ff p (M) 
s(!-f) [l|V^||^ + a||« n ||5 iM + fe||« n ||^' 

'lk {r ~ f) /aAf #KN CT 9 - 7 < £ + 0||w n ||fl»(jjf) 



Since the sequence u„ is bounded in L q (M) and L r (dM), then by (|5.3I) it is bounded 
in Hf(M). Moreover, we affirm that the sequence u n is bounded in L q (M) and 
L r (dM). In fact, if the sequence u n goes to infinity in L q (M) or L r (dM) then 
the sequence j3 n goes to zero when n goes to infinity. This implies by mean of 
inequalities (|5.2j) and (|5.3j) that E q ^(v n ) — >• as n — » co. 

Since u„ € <Se,m,q,n then E q>r (v n ) > /J-e.q.r > 0, this is a patent contradiction. 
Thus, ii n is bounded in L q (M) and L r {dM) and since r {u n )u n — >■ then, it is 
bounded in Hf (M). 

Thus, up to a subsequence u n converges to a function u weakly in H^(M) and 
strongly in L q (M), L P (M), L r {dM) and L p (dM). Then, by Bresis-Lieb lemma, we 
obtain 



||V g (w„ - u)\\ p ,M < M\u n - u\\l M + \k\\\u n - u\Z dM + sup f\\u r , 

M 



M 



+ SUp K\\u n - U\\ r r g M + O(l) 

dM 

< o(l). 

which means that the subsequence u n converges strongly to u in Hf(M). 

Now, we prove theorem 13.21 
Proof of theorem HOI 
• Existence of first solution 

and the curve I 



□ 



Let £i > be such that ni uq , r 
Set 



fj.e,q,r is negative for £ £]0, l\ 



inf £„ 



where 



Vt 



{«Gflf(M):t»>0,H|? 



q,M 



\r,dM 



<£,£<h} 



\q,M 



Take £ as small as < 0, then there exists u £ T^l,q,r such that 

IMIr dM = ^ an< i Eq, r (u) = in such way that, u £ T>i, q , r and 

(5-4) M4,,r,g,r < E qA U ) = Vi,q,r < 0. 

By using the Ekeland Variational Principle, in the set T^i^r we can find a sequence 
K.r,n}n such that E q , T {u q ,r,n) ~> /if jr ,,,r and E' (ii„ r .„) -> 0. Obviously 

n— foo n— >-oo 

the sequence Ug, r) „ is bounded in Hf(M), then up to a subsequence, tiq, r ,n converges 
to a function u 9jr weakly in Hf (M) and strongly in L S (M), L t (dM)(s < p*,t < p**) 
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, almost everywhere on M and in the sense of trace on dM. Thus, u q>r G T^l,q,r 
and 

E q Au qtr ) < lim inf E q r (u q r „ ) = [it q r < 0. 
n— »oo 

Furthermore, by the weak convergence in Hf(M), L_i_(M) and L-r rT (dM), it fol- 
lows that for every v G Hf(M) 

(E'{u q , r ),v) = lim (E'(u q , r<n ),v) = 0. 

n—^oo 

Hence, critical point of E qr with E qir (u q>r ) < 0. 

• Existence of second solution 

Now, we prove that there exists a second solution v q>r with E q ^ r (v qt , r ) > 0. 
Let l\ and £2 be such that 

^£l, q ,r = Eq^iu^) = 

^t 2 ,q,r = E q ^ r (ue 2 ) = 

and consider 

u a r = inf max E a r (g(s)) 
q ' ger sS [o,i] q ' 

where 

r = {g G C([0,l],fff(M)) : 5 (0) = u h> g(l) = ue 2 } 

We claim that [i q ^ r is critical value of the functional E q r . In fact, if it is not, then 
there exists e > small such that E q>r does not possess any critical value in the 
interval [[i q , r — £, jtig, r +e]. Thus, by the deformations Lemma we can find a function 
<f>t : H{{M) — > Hf(M),t G [0, 1], continuous in t such that: 

(1) 4> (u) =u,Vue H{{M) 

(2) (f>t{u) =ii,Vm£ Hf(M) such that E qtr {u) {[i q) r — £,H q ,r + e] 

(3) Vit G Hf(M), s.t £ g , r (» < Mg,r + e, then E^^u)) < [i q>r - e. 

Now, let g G r be such that max sg [ 01 ] E q ^ r (g{s)) < [i q , r +e. By definition of ug 1 , ui 2 
and property (2) of the function (f> t , we have 

4>tiu tl ) = 

t (U£ 2 ) = Ui 2 

In particular, the curve <j)\{g) G T which gives that [i q ^ r < max se [ j] E qjr ((j)i(g(s))), 
but by property (3), we have that max se ro,i] E qi r(4>i(g{ s ))) < Mg,r which makes 
a contradiction. r is then a critical level for the functional E q ^ r and 

> SUp [i(,q,r > 

Therefore, there exists v q ^ r a solution of (|3.1[) with E q ^ r {v q ^ r ) — /i g , r > and 
theorem 13.21 is proven. □ 



12 



YOUSSEF MALIKI 



6. CRITICAL PROBLEM: MULTIPLICITY RESULT 

In this section, we prove existence and multiplicity of solutions of the prob- 
lem (11.11) . We will study the limits of the sequences u q ^ r and v q>r as (q,r) goes 
to(p* ,p**). Here, besides the non-compactness of the inclusions Hf(M) c — > L p * (M) 
and Lp** (dM), due to the fact that the functions / and K change the sign, we face 
serious problems in proving distinction among the limits . The curve t — > Li£,q, r will 
play an important role in overcoming these problems. 
Let E be the functional 

E = Im I V g u\Pdv g + a J M \u\Pdv g + k J dM \u\Pda g 
^$MfH P *dv g -^J dM K\uf'da g , 



6.1. Existence of first solution. 



Proof of theorem 13.11 Let u q . r > be the sequence of critical points of the 
functional E q>r such that E q ^(u q , r ) < 0. This sequence is bounded in H P (M). In 
fact, we have 

ll M 9> r llq,A/ \\ U q,r\\r,dM = ^q<r < ^1 



< max 



2vol{M)^^\a\ \ " I 2vol(dM) 1 ^T|fc| 



r lJ M \f~\ dv !> J '\ vJ aM \K-\d<? g 

thus bounded in L q (M) and L r (dM). Moreover, by (|5.4I) we have 

||V a u g ,r||p ( M < Hr,q + \a\vol(M)n£p^ + \k\vol(dM)^ If^ 
+ ( su Pa/ / + su PaA/ K )h- 

Since ni, q , r < 0, the sequence u q . r is bounded in H P (M). Then, we can obtain a 
subsequence u q , r and a function u 6 H P (M) such that 

(1) u q>r converges weakly to u in H P (M) 

(2) u qtr converges strongly to u in Lp(M),Lp(dM),L p *-i(M) and L p *+-i(dM) 

(3) u q ^ r converges almost everywhere to u in M and in the sens of trace on 
did. 

(4) The sequence V g u q ^ r converges almost everywhere to V g it 

Thus, u is critical point of E. By Bresis-Lieb lemma [13], Sobolev and trace Sobolev 
inequalities, we get 



P I 

Eq, r (Uq,r) - E q>r (u) = ||V ff (ltg, r - u)\\^ M - (1 )/ f\u q . r - u\ q dv g 



Q Jm 



-(1--) / K\Uq, r - u\ r d(T g + o(l) 



1 

> 



Ki + K 2 

~ SUpf\\u q , r ~u\\ q M - SUp K\\u q , r - u\\ r r dM + o(l) 
M 3Af 
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then, taking into account, by Bresis-Lieb Lemma again that ]hn.r qir \-t(p* >p * 

+ \\ U 1,r ~ u\\r, 9M < 4 1 > °) We § et 

1 



E(u) < lim E qtr (u qir ) - lim \\u q , r - u\\* 



i \ ~~T~m „> "'i' / If _i_ V < \ ~T~~i —.n n — «j< —\\q,M 

+ ||W(j,r-1i|lrM + (sup/ + SUpif)£. 

M 9Af 

1 > 0, 



Sine, a priori, we have that lim( 9 ,r)-*(p*,p") ||w g ,r — w|lg,M + — u \\r,M 
by taking € small enough, we obtain E(u) < 0, thus u ^ and we are done. □ 

6.2. Existence of second solution. Now, we consider the sequence of 
solutions of the subcritical problem (|3.1I) obtained by the mountain pass lemma. 
We prove that {v qir } will converge to non zero and different critical point of E. We 
recall that the sequence {v qjr } fulfills the following properties 

(6.1) E' qr (v q . r ) = and E q , r {v q ^ r ) = [i q . r > 0. 
First, we prove the following lemma 

Lemma 6.1. The sequence of functions bounded in Hf(M). 

Proof. Let l\ > and £2 > 0,£i < £2 be two real numbers with the associated 
functions ug 1 and ug 1 such that 

Wl,5,r = Eq,r\Uti) = 
^i 2 ,q,r — E q , r (ug 2 ) = 0. 

For s <G [0, 1], let g be the curve g{s) = su^ + (1 — s)ug 2 . Then by definition of [i q ^ r 
we have 

li qr < max E qr (g(s)). 
se[o,i] 

Since S g r (</(1)) = and we can find s € [0, 1] such that 

ll^)IIU + ll^)llr ) aM = ^ E>4 ' 

it follows that the curve E q ^ r (g(s)) attains for certain s Q £ (0, 1) a positive maxi- 
mum. Thus 

< E q , r (g( So )) = (1 - |) J M /|ff( So )|«^ g + (1 - 2) / SM ^|g( So )rda s 

< (sup M / + sup aM A')(^i + 4). 

which gives that the sequence /x giT - is uniformly bounded in (q,r). 
Now, it remains to show that the sequence v q<r is bounded in L q {M) and L r (dM). 
We proceed as in the proof of theorem 13.21 Let £ a G (£i,£2) be such that ^e ,q,r = 
sup e ne,q,r > and consider the sequence u qtr = P q>r v q>r where fi q . r is such that 
^q,r\\ v q,r\\l,M + Pq,r \\ v q,r \\r,8M = ^° ■ The sec i uence u <?,r, such as defined, satisfies 

(6.2) N>r = (1 - ?)j8-« / f\u q ,\ q dv g + (1 - ^)/3-; / A|^, r rda 9 , 
and 

(6.3) E q , r {u q ,r) = Pir» q ,r + ~ 1) / /K r |^ 9 

- 1) / K\u q , r \ r d* g . 

r JdM 
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Suppose by contradiction that the sequence v q>r goes to infinity in L q (M) and 
L r {dM) as (q, r) goes to (p*,p**).Then, the sequence (3 q , r should go to zero. Since 
fi q<r is bounded, we get necessarily that J M f\uq,r\ q dv g and J gM K\u q ^ r \ r do~ g go to 
zero as (q, r) goes to (p*,p**) and (3'? J M f\u qir \ q dv g , f}~* J dM K\u q , r \ r da g are both 
bounded. Thus, by (|6.3[) . we get that E qr (u qr ) goes to zero as as (q,r) goes to 

On the other hand, we have E q r > fii otqtr and by lemma WM the sequence He 0:Qt r 
does not go to zero as (q, r) goes to (p*,p**), this makes a contradiction. Therefore, 
the sequence v q ^ r is bounded in L q (M and L r (dM) and since it satisfies 

l|V ff Ug,r||p, M = k||K,r||p, M + 1^1 IK,r ||£ >aM 



f\v q , r \ q dv g + / K\u q , r \ r da gi 

M JdM 

then it is bounded in H P (M). □ 

Now, as the sequence v q ^ r is bounded in H P (M), we can extract a subsequence 
that converges strongly to a function v in L p (M) and L p (dM) and weakly in 
H P (M),L P * (M) and 1/ p »* (dM). The function i> is then a critical point of 

the functional E. But, this is not enough to conclude existence of second solution 
because in spite of the fact that lim Eq t r(v qt r) — E q ^ r (u q . r ) > 0, we could 

(g.r)-Kp* ,p**) 

have v = u or v = regarding the lack of the strong convergence of the sequence 
v qr to v in L„»(M) and L p **(dM). In the following lemmas, we give sufficient 
conditions to prevent such cases from occurrence . 

First, note that the first solution u satisfies that ||it||p, M + ||u||p«« qm < & < £i- 
Take I such that 



< 



we get then 



+ ^ (sup/1 JTf n >0. 



Let us prove the following lemma 

Lemma 6.2. Suppose that the sequence v qtT converges strongly to the function u 
in Lp(M) and L p (dM) and that the functions f and K satisfy 



, (sup/)-— (supX) — K^K^- 1 <1 

n(p-lj M 3M 

// i/ie following condition is satisfied 

(6.4) lim /i„ P < £?(«) + - f sup A " K^ n 

then the sequence v q ^ r converges strongly to u in H P (M). 

Proof. The sequence v q ^ r is bounded. We may assume that v q>r converges to u 
weakly in H P (M), almost every where on M and in the sense of trace on dM. 
In particular, we assume that the sequences of measures | V g v q:r \ p dv g , \v q ^ r \ p dv g 
and |f 9 ,r| p do g converge weakly in the sense of measures respectively to bounded 
nonnegative measures dfj,, dv and d~K. 

Thus, by a version of a concentration-compactness theorem for manifolds with 
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boundary [llj . there exist at most countable index set /, sequence of points {xi}i<=i C 
M and positive numbers {/Lt,}j g j, {z^jigj, such that 



d[l > \VgU\ P dVg + y^^jd Xi , 

iei 

dv = \u\ p dv g + 'y~]i'iS Xi , and 
iei 

dn = \u\ p d(T g + ■Kj8 yi . 



ie.j 



Moreover, 



"F < Kitf and < K ^i- 



Take X{ £ Af in the support of the singular part of \x, v and tt and for e > 0, let <p 
be a,C°°(B(x i ,e)) cut-off function such that suppcj) C (B(xi,s),<p = 1 on (B(xi, §)) 
and \V g (f>\ < C. Then, we get 



/ (pdfi = 

JB(xi,e) 



lim 



\u\ p ~ 2 u<j)dvg — k 



\V g v P ir 2 \g(VgV q , r , Vg4>)dv g 



B(xi,e) 



\u\ p 2 u6da„ 



f<j)dv 



>B(xi,e) 

K(f>dn 



B(xi,e) 



'B(xi,e) 

this implies, after letting e tends to zero, that for each i 6 J, depending on wether 
Xi e M or x t £ dM, 

(J-i < f{xi)Vi or fii < K(x i )-K l . 
In particular, we assume that either f(xi) > or K(xi) > 0, because otherwise we 
get [ii = Vi = ni — and we are done. 

Now, suppose that there exists i £ I such that ^ ^ or 7Tj ^ (depending on 
wether Xi is in M or dM), then we get 



lim fi 9>r 



lim 

~ I fU P 'dVg 

n Jm 



... f (1 - 5 / f<rdv g + (1 - 5 / ^,r^ £ 



> E(u) + 



P-1 

n - 1 
1-5 



** p p — 1 

ifu p dcr„ + -f{xi)vi H r-KX^ 

9M " 



sup/ 

A/ 



A' 



l ' 



which contradicts the hypothesis of the lemma. Thus, we get yn = vi = 7T; = and 
the sequence v q>r converges strongly to u in L P *(M) and L p **(dM). □ 

In the following, we give a sufficient condition in order to get satisfied condition 
(163 of lemma IO 



Lemma 6.3. Suppose that there exists a positive function $ £ H p {M)such that 
/($) > 0, J M > 0, / 9M A$f"da 9 > and 

n 1-5 



< sup E{\$) < E{u) + - 

AG[0,1] n 



sup/ 

M 



then condition (|6.4|) of lemma \6.2\ is satisfied. 
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Proof. Let ue 1 ,ue 2 be such that Eq^u^) = E qir (ue 2 ) = and li = ||u£j^ M + 
IKJr.SM < t Q < t 2 = ll^ 2 ||g ;M + \\ui 2 \\ r rdM , where t a is such that fi to = 
su P^e]^,^ 2 [M«,r^- Then, the curve A -» E q , r (^4-u i2 ),a > 1,A € [^,oo[, starts 
from zero, increases towards a positive maximum for A < 1 and then decreases to 
minus infinity. 

Now, suppose that there exists a function $ G H{(M) such that M +||$||£ )aM > 
(.2- Let S > Si > 1 be two constants and consider the the curve A — > E q ^ r ((l — 
5 X)(5i\ — 1)$), A G [4^, oo], then we have, 

dE.Ail-SpX^X-m (x ,r,r h r Nile \ ^1 

— =p((5 1 +(5 )[|l-(5 A||(5iA-l|] F (1 - - - ^ A) 



|V s 1>||^ M + a||$||P M + fc||cf>||P aM 



|l-Ml^iA-l|) 9 " P / 

JM 

-(|l- < 5 A||«5 1 A-l|) , '- p f K& 

JdM 

Note -F$(A) the function 

F*(A) - I{4>) - ((1 - <y„A)(JiA - / /<& 

- ((i - <u)(M - i)r p 



K<$> r do n 



DM 



with A£[I £], J(0) > 0, J M f$"dv 9 > and f gM K&dv g > 0. 

Then, in the interval (4-, 4-), there exist at most two values 4- > > j~ of 

A such that = = 0,F»(A) > 0, A G (f , £) U (£, £) and F*(A) < 

Hence, there exists S > S' a > Si such that the curve A — > E q ^ r ((l — 5 X)(SiX — 1)$) 
is positive for A G [jr, 4^] and attains positive maximum at A Q = 4^- 
On the other hand, the curve A — > E q . r ((l — S X)ug 1 ), starts from zero, decreases 
to negative minimum in the interval (0, j-) and then increases to infinity. 
Now, take S close to 5' , Si as close to 1 as 

E q ,r{^-T u ^) < SU P E qtr {{l-8 X){5iX-l)$) = E q , r {^$>) 



and consider the curve 



0<A<f 



(1 - 5 \)ut 1 , 
g(X) = { (l-5„A)(<yiA-l)#, i<A<"^ 



-f < A < 1. 

si — — 



Suppose that the condition of the lemma is satisfied, then in a neighborhood 

V(p*.p**) 01 {P* \P**) we can assume for every (q,r) G V( p * iP *») that 



0< sup E qr ( A$) < E qr (u) + - 
Ae[o,i] ' ' n 



sup/ 

M 



Ki n 
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then 



[Iq.r < SUp Eq tr (g(X)) < E qtr ( — $) 



A£[o,l] 



< E qir (u) + 



sup/ 

M 



a 



As a result, we obtain the following lemma 
Lemma 6.4. Suppose that the functions f and K satisfy 
p(n — 1) 



n(p 



,AsupfY 

J-) M 



- (sup K) — K- n K 2 

3M 



< 1 



and that there exists a function $ <E H{(M) with /($) > 0, f M f$ p *dv g > 0, 
J gM KQ P " da g > such that 



< sup E(\<P) < E(u) 
Ae[o,i] 



Then none of the following cases 



lim 

(g,r)->(p*,p**) 



P 

n 



sup/ 

M 

= or 



1-5 



iff™ 



lim \\v, 



q,r 



\p,M 



lim 



J q,r 



\p,dM 



can occur. 



Proof. If the sequence v q ^ r converges to zero function as (q,r) goes to (p*,p**), we 
can repeat the proof of lemma RT3l without the term E(u) we get 

n i-- 



lim n q r > — 



sup/ 

M 



Since we have E(u) < 0, under the hypothesis of the lemma we get by lemmas 16.31 
a contradiction, that is, v q ^ r does not converge to zero function as (q, r) goes to 
(p*,p**) and at the same time the sequence v q>r can not satisfy that 



p _ 



lim \\v qir - u Mp)M 



lim 



since E q>r (v qfT ) = lim( g>r )_ > ( p . jP ». /j, g>r > 0. 
Now the proof of theorem 13.31 follows 



Wp,dM — 







□ 



Proof of theorem 13.31 Let u be the solution of problem (jl.lj) given by theo- 
rerr l3.ll Let v q:T the sequence of solution of the subcritical problem (|3.1[) obtained 
by the mountain pass lemma. By lemma HO it is bounded in H P (M), then af- 
ter passing to a subsequence we assume that v q , r converges , when (q, r) goes to 
(p*,p**) to a function v weakly in H{ (M), strongly in L P (M) and L p (dM), almost 
everywhere in M and in the sense of trace on dM and it converges to v p ~ 1 weakly 
in L P * (M) and to v p _1 weakly in L P »* (dM). Then we get that v is a weak 

solution of problem (jl.lj) . 

Under hypothesis of the theorem we get by lemmas [6. 11 16.21 [ 6.3l and l6.4l that u ^ 

and v/u, that is problem admits a second weak solution. □ 
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